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Linear Diophantine equations

Find two integer solutions to each of the following, or state why no
solutions exist:

o 64z + 336y = 32
e 33x — 27Ty =11
e 3lx — 27y =11

From a previous problem, we have that 336 = 64 -5+ 16. Thus 336 -1 +
64 - —5 =16 and 336 -2 + 64 - —10 = 32. So one solution is xg = —10 and
yo = 2. The general solution is z = zg + ¢ - 336/(336,64) = —10 + 21¢ and
y=1yo—t-64/(336,64) = 2 — 4t for any integer ¢. Another solution then
isx(1)=-10+1-21=11andy(l)=2—-4-1=—-2.

Here, (33,27) = (3-11,3%) = 3. Now 31 11, so there are no solutions.

Now 31 is prime, so (31,27) = 1 | 11 and there are solutions. Running
through the Euclidean algorithm we see that

31=27-1+4,
27 =4-6+ 3,and
4=3-14+1.

Starting from the bottom and substituting for the previous remainder,
44+3-(-1)=1,
44+ (27+4-(-6))-—1=27-(-1)+4-7=1,
27 (1) + (31 427-(-1))-7=31-7+27-(—8) = 1.

We find that 31-7427-(—8) = 1,po 3Lz — 27y = 11 has an initial solution
of xo=7-11=77 and yo = —-1-—-8-11 = 88.



The general solutions have the form

—27
= b = 77— 271 d
T =2x9+ (31,27) , an

et 31
Y= T e 0my T ’

Another solution is given by x(1) = 77 —27-1 =50and y(1) = 88 — 31 -1 = 57.
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